We show that for any spacetime dimension greater than or equal to four, the Einstein equations for gravitational perturbations of maximally symmetric vacuum black holes can be reduced to a single 2nd-order wave equation in a two-dimensional static spacetime, irrespective of the mode of perturbations. Our starting point is the gauge-invariant formalism for perturbations in an arbitrary dimension developed by us, and the variable for the final 2nd-order master equation is given by a simple combination of gauge-invariant variables in this formalism. Our formulation applies to the case with non-vanishing cosmological constant Λ as well as to the case Λ = 0. The sign of the sectional curvature K of each spatial section of equipotential surfaces is also kept general. In the four-dimensional Schwarzschild background with Λ = 0 and K = 1, this master equation for the scalar perturbation coincides with the Zerilli equation for the polar mode and that for the vector perturbation with the Regge-Wheeler equation for the axial mode. Furthermore, in the four-dimensional Schwarzschild-anti-de Sitter background with Λ < 0 and K = 0, 1, our equation coincides with those derived by Cardoso and Lemos recently. As a simple application, we prove the perturbative stability and uniqueness of four-dimensional non-extremal spherically symmetric black holes for any Λ. We also point out that a simple relation between the scalar-type and the vector-type perturbations does not exist in higher dimensions, unlike in four dimension. §1. Introduction
formalism to higher dimensions is expected to be quite useful for the investigation of fundamental problems as well as phenomenological problems in higher-dimensional gravity theories, which are currently active subjects of research. In particular, it will provide an exact basic equation for the quasi-normal mode analysis of higherdimensional black holes 20), 21), 17) motivated by the AdS/CFT issue. 22) Such extensions already exist in some limited cases. For example, we developed a gauge-invariant formalism for perturbations in a spacetime with arbitrary dimension greater than three in our previous paper, 23) which is referred to as KIS2000 in the present paper, by extending the formulation in 24), 25) . There, assuming that the background spacetime with dimension n + m has a spatial isometry group G n that is isomorphic to the isometry group of a n-dimensional space K n with constant sectional curvature K, we expanded perturbation variables by harmonic tensors on K n and expressed the perturbed Einstein equations as a set of equations for gauge-invariant variables on the m-dimensional orbit space constructed from the expansion coefficients. In this formalism, the gauge-invariant variables are grouped into the three types, i.e., the tensor type, the vector type, and the scalar type, according to the type of the harmonic tensors used to expand the perturbation variables, and each type of variables obey an independent closed set of equations. In particular, we showed that in the case in which m = 2 and the background spacetime satisfies the vacuum Einstein equations, the perturbed Einstein equations for each of the vector perturbation and the tensor perturbation reduce to a single 2nd-order wave equation-which is called a master equation in the present paper-in the two-dimensional orbit spacetime spanned by time and radial coordinates. This result holds independent of the sign of K as well as for non-vanishing cosmological constant Λ.
For a four-dimensional Schwarzschild black hole background, the vector perturbation corresponds to the axial (odd) mode, and the master variable and the master equation in KIS2000 have simple correspondence to the Regge-Wheeler variable and the Regge-Wheeler equation, respectively. Hence, we already have an extension of the Regge-Wheeler formalism for the axial mode to higher dimensions. However, such an extension for the scalar perturbation, i.e., an extension of the Zerilli formalism for the polar (even) mode in four dimension to higher dimensions, has not been found so far, although simple master equations have been derived for the scalar perturbation in constant curvature spacetimes by various methods. 26), 27), 23), 28), 29), 30), 31), 32), 33) The main purpose of the present paper is to construct such an extension of the Zerilli formalism to arbitrary spacetime dimension greater than three. To be precise, we show that under the assumption of the G n symmetry of the background spacetime, the gauge-invariant vacuum Einstein equations in KIS2000 for the scalar perturbation in any dimension greater than three can be reduced to a single 2ndorder wave equation in the two-dimensional orbit space for a master variable Φ given by a simple combination of the gauge-invariant variables, which coincides with the Zerilli equation for the polar mode in the four-dimensional Schwarzschild background. By the generalised Birkhoff theorem, the symmetry assumption requires the background spacetime to be static and its metric is uniquely determined by the normalized curvature K of symmetry orbits, the cosmological constant Λ and a parameter M representing the black hole mass, provided that the spacetime is not of the Nariai type, 34) which is assumed in the present paper. In order to make the formulation have wide applications, these parameters are kept arbitrary. For example, the formulation describes the scalar perturbation of higher-dimensional Schwarzschild black hole for K = 1 and Λ = 0, while it describes the scalar perturbation in anti-de Sitter spacetime with dark radiation for Λ < 0 and M = 0. We also show that the master equation in the present paper is essentially equivalent to the master equation for the scalar perturbation in KIS2000 in the case M = 0. Further, for completeness, we show explicitly that the vector and the tensor perturbation obey master equations of the same structure as that for the scalar perturbation and give the corresponding effective potentials for them. We also point out that the simple relation between the polar mode and the axial mode, which was first found by Chandrasekhar and Detweiler 1) for the four-dimensional Schwarzschild black hole and then extended to the four-dimensional asymptotically anti-de Sitter case by Cardoso and Lemos, 13), 14) does not hold in higher dimensions.
The paper is organized as follows. First, in the next section, we show that the gauge-invariant perturbation equations for the scalar perturbation given in KIS2000 are equivalent to a set of first-order ODE with a linear constraint for three gaugeinvariant variables, after the Fourier transform with respect to the time coordinate. Then, in section 3, this set of equations are reduced to a single master equation of the Zerilli-type in the case ω = 0. We further show that this master equation can be converted to a wave equation for a master field Φ in the two-dimensional orbit space by the inverse Fourier transformation and all gauge-invariant variables are represented as combinations of this field and its derivatives. A subtle point associated with static perturbations in this derivation is dealt with in section 4. In section 5, we rewrite the master equations for the tensor and the vector perturbations given in KIS2000 in the same form as that for the scalar perturbation. Section 6 is devoted to discussions. There, using the master equations in four dimension, the perturbative stability and uniqueness of the Schwarzschild-de Sitter and the Schwarzschild-anti de-Sitter black hole in four dimension is proved. We also discuss the relation between the scalar and the vector master variables. Since the calculations required to derive the master equations are quite lengthy, most of them were done by symbolic computations with Maple. §2. Basic equations
In this section, we show that the gauge-invariant equations for the scalar perturbation given in KIS2000 are reduced to a set of first-order differential equations with a linear constraint for three independent gauge-invariant variables in a maximally symmetric black hole background.
Perturbation equations
The metric of a G n -symmetric background spacetime considered in the present paper is in general written as
where g ab is the Lorentzian metric of the two dimensional orbit spacetime and dσ 2 n = γ ij (z)dz i dz j is the metric of the n-dimensional G n -invariant base space K n with a normalized constant sectional curvature K = 0, ±1. Hence, the dimension of the whole spacetime is n + 2, and the spherically symmetric case corresponds to K = 1.
Scalar perturbations of this spacetime can be expanded in terms of the harmonic functions S on K n , defined by
where△ n is the Laplace-Beltrami operator on K n , and k 2 is its eigen-value. For K = 1, k 2 takes discrete values
while for K ≤ 0, k 2 can take any non-negative real value. Each harmonic mode of the metric perturbation δg M N is written
andD i is the covariant derivative with respect to the metric γ ij on K n . Here and hereafter we abbreviate the indices k labeling the eigen-values of the harmonics and the summation over them.
Note that the modes with k = 0 and k 2 = nK require special treatments. First, for the k = 0 mode, S is a constant, and S i and S ij are not defined. This mode corresponds to a perturbation which respects the spatial symmetry G n of the background spacetime. Since the only possible perturbation with the spatial symmetry G n satisfying the Einstein equations is nothing but the change of the background metric by a shift of the mass parameter of a black hole from the Birkhoff theorem, we do not have to consider this case. Next, k 2 = nK occurs only for K = 1, and corresponds to l = 1. For such modes, S ij vanishes and the variable H T is not defined. We will show later that these modes have no physical degrees of freedom.
For modes with k 2 (k 2 − nK) = 0, the following combinations provide a basis of gauge-invariant variables for the metric perturbation of the scalar type: 23) 
where D a represents the covariant derivative with respect to the metric g ab in the two-dimensional orbit space, and X a is the combination
Since the Einstein tensors G M N has the same structure as the metric perturbation (2 . 4) under the harmonic expansion, the vacuum Einstein equations for the scalar perturbation are given by the following set of equations:
(2 . 9) The explicit expressions of E ab , E a , E L and E T in terms of the gauge-invariant variables (2 . 7) can be obtained by specializing the general formula (63)-(66) in KIS2000 to the case in which the orbit space is two-dimensional (m = 2). Since they are long, we give them in Appendix A.
These equations are not independent due to the Bianchi identities, which are written
Since we are only considering modes with k 2 > 0, it follows from these equations that E L = 0 and D b (r 2Ẽb a ) = 0 are automatically satisfied if E a = E T = 0 holds. From (A . 1b) and (A . 1d), the latter equations are equivalent to the following set of equations:F a a = −2(n − 2)F ,
Note here that the equation E T = 0 does not exist for the mode l = 1 in the spherically symmetric case, because S ij vanishes. However, we can assume that this equation still holds in this case, by regarding it as a gauge condition, as is shown in Appendix B.
Fourier transformation
Since solutions to the vacuum Einstein equations with the spatial symmetry G n are always static by the Birkhoff theorem, our background metric can take the form
provided that the spacetime is not the Nariai-type, which is assumed in the present paper. Here, λ is related to the cosmological constant Λ by λ = 2Λ n(n + 1)
.
When the metric (2 . 14) with (2 . 15) describes a black hole spacetime, the isometry group G n implies the maximal symmetry of the spatial section of the event horizon, so we call the metric (2 . 14) a maxiamlly symmetric black hole * ) . For K = 1, λ = 0, it is the standard higher dimensional Schwarzschild metric-also referred to as the Tangherlini metric 36) -with the mass given in terms of the parameter M by 37) nM A n 8πG n+2 , (2 . 17) where A n = 2π (n+1)/2 /Γ [(n + 1)/2] is the area of a unit n-sphere and G n+2 denotes the n + 2-dimensional Newton constant.
Since the non-vanishing connection coefficients for this metric are given by,
a ) =Ẽ r t =Ẽ r r = 0 are satisfied. Hence, taking account of the argument on the Bianchi identities in the previous subsection, we only have to consider the equations (2 . 11), (2 . 12), E r t = 0 and E r r = 0. Now, we reduce these equations to a 1st-order ODEs for three variables. First, let us introduce the variables X, Y and Z by
Then, from (2 . 11), all basic gauge-invariant variables can be expressed in terms of them as
Inserting these expressions into (2 . 12), we obtaiñ
(2 . 22b) * ) It is known that, in higher dimensions, the metric (2 . 14) with (2 . 15) can describe many different black hole solutions to the vacuum Einstein equations, with the simple replacement of dσ 2 n by any metric for a certain Einstein manifold. 35) Among them, the Gn-symmetric metric is the maximally symmetric solution.
UnlikeẼ a , the expressions ofẼ a b in terms of X, Y and Z, which are given in Appendix A, are rather complicated. In order to put them into simpler forms, we utilize the Fourier transformation with respect to the time coordinate t. Then, writing the Fourier component proportional to e −iωt as
we find that the Einstein equations are reduced to the following equations for ω = 0:
Here, the last equation corresponds to −r 2Ẽr r = 0. Now, we comment on the l = 1 mode. As explained in Appendix B, these basic equations also hold for this mode, by regarding E T = 0 as a gauge condition. However, the residual gauge freedom left after this partial gauge fixing has the same degrees as those of the general solution to (2 . 24) . This implies that there exists no physical degrees of freedom for l = 1. For this reason, we assume that l ≥ 2 from this point. §3. Master equation
Since the constraint (2 . 24d) is linear, we can always reduce the system of 1storder ODEs (2 . 24) to a 2nd-order ODE for any linear combination of X, Y and Z. However, the corresponding 2nd-order ODE in general has coefficients depending on the frequency ω in an intricate way and is not useful. In particular, in order for it to be used in the stability analysis of black holes, the master equation should have the form AΦ = ω 2 Φ, where A is a self-adjoint 2nd-oder ordinary differential operator independent of ω, like the Zerilli equation for the four-dimensional Schwarzschild black hole. Starting from the expression of the master variable for the Zerilli equation in terms of our gauge-invariant variables, after some trial and error, we have found that the following combination is the best one:
where H is the function of r defined by
3)
In terms of Φ, (2 . 24) is reduced to
Here, the effective potential V S is given by
where y = λr 2 .
(3 . 8)
It is easy to see that this equation coincides with the Zerilli equation 9) for n = 2, K = 1 and λ = 0 and with the equation for the even mode derived by Cardoso and Lemos 13), 14) for n = 2, K = 0, 1 and λ < 0. The original fundamental variables X, Y and Z are expressed in terms of the master variable Φ as
Here, the coefficients P X , Q X , P Y , Q Y , and P Z are functions of r and expressed in terms of x = 2M/r n−1 and y = λr 2 as P X (r) = 4(n − 1)[n 2 (n + 1)x − 2(n − 2)m]my +n 3 (n + 1) 3 x 3 + 2n(n + 1)[2(n 2 + n + 2)m − n(n − 2)(n + 1)K]x 2 −4n[(n − 11)m + n(n + 1)(n − 3)K]mx + 16m 3 + 8Km 2 n 2 , (3 . 10a) Q X (r) = 4(n − 1)my + n(n + 1) 2
Although we have utilized the Fourier transformation with respect to the time coordinate to derive the master equation (3 . 5), we can apply the inverse Fourier transform to it and represent the master equation as a wave equation for a master field Φ(t, r) in the two-dimensional orbit space with the coordinates (t, r). This master wave equation is obtained simply replacing ω by i∂ t in (3 . 5):
where 2 is the d'Alembertian operator in the two dimensional orbit space with the metric g ab dy a dy b . Furthermore, since the right-hand sides of (3 . 9) are polynomials in ω, these expressions for the original gauge-invariant variables in terms of the master variable can be transformed into the expressions forX(t, r), Y (t, r) and Z(t, r) in terms of Φ(t, r) by the same replacement:
We can show by symbolic computations that when these expressions are inserted intoẼ a ,Ẽ L ,Ẽ T andẼ ab , they are written as linear combinations of the master wave equation (3 . 11) and its derivatives. This suggests that the set of equations (3 . 11) and (3 . 12) are equivalent to the Einstein equations even if the Fourier transforms of the gauge-invariant variables with respect to the time coordinate do not exist. In fact, we can confirm this by the following argument. First, by inspecting the procedure leading to the master equation, we find that if we take ∂ t X(t, r), ∂ t Y (t, r) and Z(t, r) as basic variables and define Φ(t, r) by
we can obtain the time derivative of the master wave equation
from an algebraic combination ofẼ a ,Ẽ r t ,Ẽ r r and their derivatives. The expressions for ∂ t X, ∂ t Y and Z in terms of ∂ t Φ corresponding to (3 . 12) are also obtained by the same method. This implies that if the perturbed Einstein equations had a solution that cannot be expressed by the master wave equation (3 . 11) with (3 . 12), it must be static. This is consistent with the fact that original definition of Φ in terms of the Fourier transform, (3 . 1), becomes singular for ω = 0. However, as we will show in the next section, static solutions are also represented as solutions to (3 . 11) with (3 . 12) . Therefore, these equations are equivalent to the original perturbed Einstein equations.
Finally, we note that in the special case M = 0, the master variable Φ in the present paper is related to the master variable Ω for the scalar perturbation in the constant-curvature background spacetime in KIS2000 as Ω = r n/2 Φ, (3 . 15) as is shown in Appendix C. §4. Static perturbations
As noted in the previous section, the master variable Φ defined by (3 . 1) is illdefined for ω = 0, and the derivation of the master equation for the scalar perturbation in the previous section does not apply to static perturbations. In this section, we show that in spite of this, the master wave equation (3 . 11) also describes static scalar perturbations.
For static perturbations, from (2 . 22a), (2 . 22a), (A . 2a) and (A . 2b), E a = 0, E r t = 0 and E r r = 0 are written E t : Z ′ = 0, (4 . 1a)
Hence, Z vanishes and the basic equations are given by the set of 1st-order ODE for X and Y :
Since this set is a system of first-order ODEs for two variables X and Y , it is always possible to reduce them to a single 2nd-order ODE for any linear combination of X and Y . Hence, if we adopt a combination that is consistent with (3 . 12) in the static case, it is expected that we can obtain a master equation which coincides with (3 . 11) without the time derivative term. Such a choice is unique and given by
For this choice, if we express X and Y in terms of Φ and ∂ r Φ with the help of (4 . 2), we find that they are represented by (3 . 12a) and (3 . 12b) with ∂ t Φ = 0. Further, insertion of these expressions into (4 . 2) gives (3 . 11) without the time derivative term. Thus, the same master equation holds for both non-static and static perturbations. Although it is preferable for investigations of general cases, such as the stability analysis of black holes, that an arbitrary perturbation is described by a single master equation, the potential in the master equation (3 . 11) is rather complicated and is not always useful for the analysis of static perturbations. Since the behaviour of static perturbations is important for the issue of the black hole uniqueness, it is desirable if we can find a master equation with a simpler potential. Now, we show that such a master equation is obtained if we adopt Y as the master variable. First, (4 . 2) leads to the following 2nd-order ODE for Y :
where r 2 f f ′ α= (n − 1)(n + 2)Kx + 2nKλr 2 + (n − 1)(n − 4)x 2 −(n 2 + 11n − 10)xλr 2 − 2(n − 4)λ 2 r 4 , (4 . 5a)
In order to rewrite this equation in a formally self-adjoint form, let us introduce the new variableỸ defined bỹ Y := SY ; (4 . 6)
(4 . 7)
Then, the above equation for Y is transformed into
(4 . 10)
This effective potential has a simpler dependence on k 2 than V . Furthermore, although it is still rather complicated for λ = 0, it becomes quite simple for λ = 0:
(4 . 11) §5. Vector and tensor perturbations
We have already shown in KIS2000 that the vector and the tensor perturbations in the background spacetimes considered in the present paper are described by master equations of the wave equation type in the two-dimensional orbit space. In this section, for completeness, we show that these equations can be also written in the same form as (3 . 11).
Tensor perturbations
Perturbations of the tensor type can be expanded in terms of the tensor-type harmonic tensors T ij satisfying (△ n + k 2 T )T ij = 0, (5 . 1a)
The eigen-value k 2 T is always positive. It is continuous for K ≤ 0, while it takes the discrete values
for K = 1. Each harmonic component of the metric perturbation is expressed by (2 . 4) with f ab = f a = H L = 0 and S ij replaced by T ij . H T is gauge-invariant by itself, and in vacuum, it satisfies the following wave equation in the two-dimensional orbit space:
If we introduce the master variable Φ by
this equation is rewritten in the same form as (3 . 11) ,
where the effective potential V T is
Vector perturbations
Perturbations of the vector type can be expanded in terms of the vector-type harmonic tensors V i satisfying
As for the tensor-type harmonics, the eigen-value k 2 V is always positive and continuous for K ≤ 0. It is again discrete for K = 1, but the spectrum is shifted by unity:
The expression for the metric perturbation is now given by (2 . 4) with S i replaced by V i and S ij by
and non-vanishing harmonic coefficients are f a and H T . For k 2 > (n − 1)K,
is gauge invariant and gives a natural basic variable. In our vacuum background, F a is expressed in terms of a field Ω(t, r) in the two-dimensional orbit space satisfying the wave equation
where ǫ ab is the Levi-Civita tensor of the two-dimensional orbit space. If we introduce the master variable Φ by Φ = r −n/2 Ω, (5 . 13) (5 . 11) is put into the form,
with
This equation coincides with the Regge-Wheeler equation for n = 2, K = 1 and λ = 0 and with the equation for the odd mode derived by Cardoso and Lemos for n = 2, K = 0, 1 and λ < 0. 13), 14) For k 2 V = (n − 1)K, i.e., K = 1 and l = 1, V ij vanishes and the perturbation variable H T loses meaning. In this case, a basic gauge-invariant variable is given by
In our vacuum background, from the Einstein equations, it follows that F (1) ab is expressed as
where L ab is an arbitrary anti-symmetric constant matrix. This represents nothing but a rotational perturbation of the black hole, and in the spherically symmetric case, L ab corresponds the angular-momentum parameter in the Myers-Perry solution. 37) §6. Discussions
In this paper, we have derived master equations of the wave equation type that describes gravitational perturbations of maximally symmetric black hole spacetimes in higher dimensions. For the scalar-type perturbation and the vector-type perturbation, they provide extensions of the Zerilli equation for polar perturbations and of the Regge-Wheeler equation for axial perturbations, respectively, of the fourdimensional Schwarzschild black hole to higher dimensions as well as to the cases with non-vanishing cosmological constant and to quasi-black hole spacetimes in which constant time sections of equi-potential surfaces have non-positive sectional curvatures. Hence, these master equations are expected to be useful in a wide variety of higher-dimensional gravity problems.
Our formulation also gives extensions of the Zerilli and the Regge-Wheeler formalisms to the four-dimensional Schwarzschild-de Sitter and Schwarzschild-antide Sitter backgrounds, which coincide with those given by Cardoso and Lemos recently. 13) Here, we show that we can prove the stability of four-dimensional Schwarzschild-de Sitter and Schwarzschild-anti-de Sitter black holes using our formulation. For a spherically symmetric spacetime of four dimension, i.e., for n = 2 and K = 1, Q in (3 . 7) becomes Q = 288x 2 f (r) + 432x 3 + (288 + 144l 2 2 + 720l 2 )x 2 +(l 2 + 1) 2 (l 2 + 4) 2 [48x + 16(l 2 + 3)(l 2 + 2)], (6 . 1) where l 2 = l − 2. Hence, the effective potential V S in (3 . 5) is positive definite. This suggests that ω 2 in (3 . 5) is always positive and the black hole is stable against the scalar perturbation. In fact, it is actually the case for the non-extremal Schwarzschildde Sitter black hole, if we consider the region bounded by the black hole horizon and the cosmological horizon, because the range of r * = dr/f is (−∞, +∞), and Φ becomes convex for ω 2 ≤ 0, by changing the sign of Φ if necessary. This simple argument does not hold for the Schwarzschild-anti-de Sitter black hole, since r * has a finite limit for r → ∞ in this case. This is closely related to the fact that the differential operator on the left-hand side of (3 . 5) does not have a unique self-adjoint extension in the L 2 -space with respect to the inner product
We must impose some boundary condition at r = ∞ to make the problem wellposed. The most natural choice is to require that Φ vanishes at r = ∞, if we are concerned with the local stability of the black hole. Under this boundary condition, we can apply the same reasoning as that for the Schwarzschild-de Sitter black hole to conclude the stability of the Schwarzschild-anti-de Sitter black hole. We can also undergo a similar analysis for the vector perturbation of these fourdimensional black holes, although the situation is a little bit subtle. In this case, the effective potential becomes
For Λ ≥ 0, this is positive definite for l ≥ 2 outside the horizon from 1 − 2M/r = f + λr 2 > 0. Hence, the same argument as above applies. In contrast, for Λ < 0, V V becomes negative near the horizon for large |λ|, and the argument above does not apply. Nevertheless, we can prove by a slightly sophisticated argument given in 38) that there exists no unstable mode in this case as well. Thus, we can establish the perturbative stability of spherically symmetric black holes in four dimension, irrespective of the sign of cosmological constant. The above argument also proves the uniqueness of these black holes in a perturbative sense, because there should exist a regular static solution to the perturbation equation with l ≥ 1 if there exist a continuous family of regular static black hole solutions with the same mass that contains the spherically symmetric solutions.
In spacetimes with dimension greater than four, the stability of spherically symmetric black holes have not been investigated so far even in the asymptotically flat case. Our formulation seems to be useful for the investigation of this problem. For example, using our formulation, we can prove the stability of higher-dimensional Schwarzschild black holes, as will be shown in a separate paper. 38) This is not so trivial as in the four dimensional case discussed above, because the effective potentials in the master equations are not positive definite in general for the vector and the scalar perturbation. Nevertheless, it can be shown that the differential operator on the right-hand side of (3 . 5) or (5 . 14) has a unique positive self-adjoint extension. A similar technique might be used to analyse the asymptotically de Sitter and anti-de Sitter cases in higher dimensions as well, although the behaviour of the potential in these cases is much more complicated. This problem is now under investigation.
Finally, we comment on the relation between the master variable for the scalar perturbation and that for the vector perturbation, which we here denote Φ S and Φ V , respectively. In the four dimensional Schwarzschild background with Λ = 0 and K = 1, Chandrasekhar and Detweiler found that they are related by a simple relation However, we have found that there does not exist a function F satisfying (6 . 5), hence such a simple relation of the form (6 . 4) does not hold between the two types of perturbations in higher dimensions. This result may be closely related to the fact that the tensor-type perturbation appears as the new mode in higher dimensions, and implies that the spectral analysis of gravitational perturbations may not be reduced to that for the vector-type perturbation with the simpler effective potential, unlike in four dimension.
2r k E a = − 1 r n−2 D b (r n−2 F b a ) + rD a Z is expressed in terms of Ω as
In the meantime, for M = 0, (3 . 12c) becomes
Hence, we have Ω = r n/2 Φ + C(t) f .
(C . 5)
Since it is easily checked that Ω = r n/2 Φ satisfies (C . 2), this relation implies thatC(t) √ f also satisfies the same equation. This condition is expressed as
From this it follows that K = 0 if C ≡ 0. However, for K = 0, the expression for X by Ω,
coincides with (3 . 12a) only when C = − 1 2 n(n − 1)λ 2 r 2 C. (C . 8)
Since λ = 0 for K = 0, this implies that C ≡ 0. Hence, Ω is related to Φ by (3 . 15 ).
